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ABSTRACT - The Traveling Salesman Problem (TSP) is a
very hard optimization problem in the field of operations
research. It has been shown to be NP-complete, and is an
often-used benchmark for new optimization techniques. One
of the main challenges with this problem is that standard,
non-Al heuristic approaches such as the Lin-Kernighan
algorithm (LK) and the chained LK variant are currently
very effective and in wide use for the common fully
connected, Euclidean variant that is considered here. This

paper presents an algorithm that uses adaptive resonance
theory {(ART) in combination with a variation of the Lin-

Kernighan local optimization algorithm to solve very large
instances of the TSP. The primary advantage of this
algorithm over traditional LK and chained-LK approaches is
the increased scalability and parallelism allowed by the
divide-and-conquer clustering paradigm. Tours obtained by
the algorithm are lower quality, but scaling is much better
and there is a high potential for increasing performance using
parallel -hardware.

1. INTRODUCTION

The Traveling Salesman Problem (TSP) is one of the
most studied problems in computer science literature. It is
an example of the important class of problems known as
NP-complete problems. An NP-complete problem is one
that is solvable in polynomial time by a non-deterministic
algorithm, but not necessarily by a deterministic one.
Another way of considering this class of problems is to say
that a correct solution may be checked in polynomial time,
but no known algorithm can solve the problem in that
time. These problems are interesting because it is possible
to draw parallels between any two NP-complete problems
and show that finding an algorithm to solve one in
polynomial time gives you an algorithm to solve the other.
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They are also interesting because it has never been proven
that NP-complete problems cannot be solved in
polynomial time, so it remains as an open question. The
most general form of the TSP is to find a Hamiltonian
cycle given an arbitrary graph. All known algorithms to
solve this problem take greater than polynomial time, but
if we have a solution we can check it in O(n) time. The
more specific case of the TSP considered in this paper is

also a member of NP-complete, but is more complicated te
check.

The Traveling Salesman family of problems is an area
in which neural networks have so far been unable to
compete with the best non-neural approaches, in accuracy,
speed, or scaling. In fact, it seems doubtful whether neural
networks will ever approach the accuracy of algorithms
like the Lin-Kernighan solution [1] in selving this class of
problems. The problem domain is well enough
understood, and the problem presents enough information
about each instance that the generalization abilities of
neural networks are not as useful as with many classes of
optimization problems. In addition, Clustering algorithms
in general are limited in the accuracy they can achieve on
the TSP. If highly accurate tours are required, then Lin-
Kemighan and variants [2] seem likely to remain the
algorithms of choice. In situations where accuracy is not
the primary determinant, however, neural networks may
show some promise. This is especially relevant for
situations where significant modifications to [1] and [2]
may be required, as opposed to minor modifications and
retraining for a neural network.
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Our goal then is to evaluate what advantages a neural
clustering algorithm can bring to bear on the problem and
decide how to best exploit those advantages. Adaptive
resonance theory provides a very rapid and effective
neural clustering model. Functionally, it operates similarly
to k-means clustering, with an optimal k determined
dynamically by the vigilance factor. The divide and
conquer paradigm gives us the flexibility to hierarchically
break large problems into arbitrarily small clusters
depending on what trade-off between accuracy and speed
is desired. In addition, the sub-problems provide an
excellent opportunity to take advantage of parallel systems
for further optimization. Even without parallel processing,
the algorithm developed in this paper has demonstrated
that better scaling is possible using a divide and conquer
approach.

A. Traveling Salesman Problem

Given a complete undirected graph G = (V,E), where
V is a set of vertices and E is a set of edges each relating
two vertices with an associated non-negative integer costs
c{u,v), the most general form of the traveling salesman
problem is equivalent to finding any Hamiltonian cycle
over (G where such a cycle is known as a tour. The more

common form of the problem is the optimization problem’

of trying to find the shortest Hamiltonian cycle. Both of
these problems have been proven to be NP-complete in
[3]. These problems are very useful to consider because
they map so easily to many real-world applications in a
wide range of fields from network routing to cryptography
[4-7].

The variation of the TSP that we consider is even
more limited. We look only at graphs that can be mapped
to a two-dimensional Euclidean coordinate system where
the edge weight between two nodes is the distance
between them. This system implies that the triangle
inequality holds such that c(u,w) < c(u,v) + c{v,w). We
also require that the XY coordinates of each node be
given. This variation can be shown to still be NP-
complete and therefore to map onto the more general
problem {8]. The Euclidean form of the TSP has been
widely studied [9-11].

B. Adaptive Resonance Theory

Adaptive Resonance Theory was first introduced by
Carpenter and Grossberg [12]. The unsupervised variants
provide a simple, effective neural clustering algorithm.
The original algorithm, designated ARTI, used binary
input sequences. The variation developed for this solution
uses two-input integer sequences where the integers are
the XY coordinates of a node. In this form, ART is

functionally similar to k-means clustering except that k is
increased dynamically as new patterns are introduced.

C. The Lin-Kernighan Local Optimization Algorithm

The current best results on large-scale TSP instances
come from variations on an algorithm proposed by Lin and
Kemighan in 1973 [1]. This algorithm takes a randomly
selected tour and optimizes it by stages until a local
minimum is found. This result is saved and a new random
tour selected to begin the process again. Given enough
time, the optimal tour can be found for any instance of the
problem, although in practice this is limited to small
instances for an absolute result due to time constraints.
Even with extremely large instances, however, reasonably
short tours can be found [1].

The optimizations performed by the Lin-Kemighan
(LK) algorithm use the concept of A-optimality. If n is the
number of cities in a TSP, then we know that given any
tour we can reach an optimal tour by swapping at most n
edges. Using X-optimality, we consider the optimal tour
that can be reached by swapping only A edges. As A
grows, the chance that the A-optimal tour is actually
optimal increases. Unfortunately, the processing time
required to find A-optimal tours is intractable for large A.
The largest commonly used values for A are 2 and 3,
although some attempts have been made with A as 4 or §

[11.

The algorithm proposed by Lin and Xernighan
examines variable % optimization. In brief, an initial 2
edge swap is chosen. The algorithm then examines
whether it would be profitable 1o make a 3 edge swap, and
continues increasing the number of edges as long as the
total swap remains an improvement over the initial tour.
This process is repeated with each node being considered
in turn as a starting point for the initial 2 edge swap until
no further improvements can be found. The original
algorithm then started with a different random tour and
worked from the beginning, always saving the best tour
seen. This original algorithm is what is used in our current
algorithm. Applying more advanced variants of LK will
likely yield even better results.

2. ALGORITHM - DIVIDE AND CONQUER

The algorithm developed in this paper combines ART
and the LK local optimization algorithm to divide and
conquer instances of the TSP. We begin by reading in the
cities, stored in TSP-LIB format [13]. The ordering of the
cities in memory represents the current tour at any time.
This is known as a permutation representation and
obviously only works with fully connected variants of the
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TSP, as an arbitrary permutation of a non-fully connected
graph would not necessanily represent a valid tour. This
permutation representation is chosen because weight-
matrix representations become intractable for large values
of n, i.e. a 250k-city problem would require around 62.5
GB of memory to store a weight-matrix. Since the
problem is Euclidean, it is sufficient to store (Xy)
coordinates for each city and calculate distances on the fly.

The first stage of the algorithm involves sorting the
cities into clusters using the ART algorithin described
previously. Our variation of ART uses the wvigilance
parameter to set a maximum distance from the current
pattern. A vigilance parameter between 0 and 1 is
considered and used as a percentage of the global space to
determine the vigilance distance. Values were chosen
based on the number and size of individual clusters
desired, but typical values ranged from 0.80 to 0.97. The
learning rate was set to 0.02. The clusters at this point
were still in a random order. The individual clusters were
then each passed to a version of the LK algorithm also
described above. Since the size of the tours was
controtled and kept under a thousand cities, we allowed
the LK search depth to be infinite as long as the total
improvement for a given swap series remained positive.
We also did not restrict the neighbérhood size as specified
in the original algorithm. This required more time than a
limited depth search, but resulted in better overall tour
quality. After a first pass through the LK algorithm, a
simple intersection removal algerithm was applied. This
algorithim is based on the idea that any tour containing an
intersection between two edges is demonstrably sub-
optimal. Typically after LK is run, few intersections
remain, but those that do remain often involve edges
crossing large distances. Swapping these edges changes
the global search space sufficiently that a new run of LK
can often find additional improvement. In short, the
intersection removal algorithm is capable of making
double-bridge swaps that the LK algorithm is unable to
discover. This double-bridge property is the same as that
used in the chained LK algorithms described in [2].

After the second pass of the LK algorithm, the given
cluster is then merged into the final tour. The first cluster
is simply added to an empty tour and each additional
cluster is merged. This is accomplished by a simple
method of choosing the closest set of two vertices in the
new cluster to any two adjacent vertices in the final tour.
In order to avoid a global O(n?) process, each vertex in the
existing final tour is compared to the centroid of the new
cluster, The closest k wertices are chosen and then
compared to each vertex in the new cluster. Typical
values of k used were around 100. This kept the

computational complexity of this step down to O(n) and
added very little to the overall running time.

Table 1 — Algorithm Pseudocode

Read data from file

Apply ART algorithm to cluster data

For each cluster

Apply LK optimization

Apply intersection removal

Apply LK optimization

Merge with final tour

End for

Save final tour and time

3. RESULTS

The results from our experiments were very positive.
In the tables below we compare our clustered variation of
the LK algorithm to the original LK algorithm. The LK
algorithm used for these comparisons is that same
algorithm that we implemented and used on the clusters of
our main algorithm. Since the focus of these experiments
was to determine the effects of clustering, the LK
implementation is not heavily optimized and the running
times reflect are only to be used in comparison to each
other,

Table 2 - Lin-Kemighan algorithm implemented by author
TSP Size Tour Length Time
1000 2.63808e7 5 seconds
2000 3.64058¢7 21 seconds
4000 5.07807e7 82 seconds
20000 1.12221e8 4814 seconds
Table 3 — Clustered Lin-Kernighan
TSP Size Tour Length Time % off LK ]
1000 2.69785e7 1 second 2%
2000 3.80334e7 3 seconds 4%
4000 5.35437e7 8 seconds 5%
20000 1.17e8 98 seconds 4%

Obviously the clustered variation is scaling much
better than the original, and tour quality is remaining
within 5% or so. Also note that with the clusterad version
we can smoothly trade time for quality in either direction
by adjusting the vigilance factor, Since our
implementation of the original LK algorithm fails to scale
past a few tens of thousands of cities, largely due to the
fact that we used an unlimited neighborhood instead of the
finite neighborhood called for in the original algorithm, we
compare our clustered algorithm to the well-known
Concorde software package. Concorde is widely regarded
as the fastest TSP solver for large instances currently in
existence. Concorde is described in more detail in [14].
Essentially, it uses the chained LK algerithm. Search
depth for LK is greatly limited, but high quality is
obtained by repeatedly applying double-bridge
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transformations and optimizing. The Concorde package
also applies a simple algorithm to generate an initial tour
of fair quality before beginning that provides a large speed
boost to the LK algorithm. These techniques could also be
implemented in our clustered variation giving similar
speed and quality improvements. For now we are just
interested in the scalability of the relative algorithms.

In Table 5, we can clearly see that while our algorithm
is below the quality of tour that the chained-LK algorithm
produces, it is scaling nicely. (Our quality-of-result
numbers, reported in the last column of table 5, are
comparable with previously published neural net results
for much smaller TSP problems, see [15].) In fact, our
algorithm gives us additional flexibility in terms of
changing the vigilance factor to generate different nurnbers
of clusters. To illustrate this, Table 6 shows the results of
the 250k city problem as the vigilance parameter is
adjusted.

Table 4 — Concorde Chained LK

[ TSP Size Tour Length Time
16000 7.20532e7 38 seconds
20000 1.01468e8 83 seconds
250000 3.58274e8 1380 seconds ]

Table 5 — Clustered Lin-Kernighan

TSP Size Tour Length Time % off CLK
10000 8.21277e8 57 seconds 14%
20000 1.17e8 98 seconds 15%
250000 l 4.2716%e8 693 seconds 19%

Table 6 — Clustered Lin-Kermighan 250k city problem
Vigilance Tour Length Time % off CLK
0.95 4.09444¢8 2451 seconds 14%

0,96 4.18222¢8 1077 seconds 17%
0.97 4.27169¢8 693 seconds 19%
0.98 44774428 778 seconds 25% — ]

As is clear from the table, increasing the vigilance
parameter increases the speed at the expense of tour
quality. We also observe the limit of 0.97 for this
particular problem past which the time begins to increase
instead of decrease. This is the point where the individual
constant factors involved with processing each cluster
begin to outweigh the advantages of having smaller
clusters. The actual vigilance parameter chosen depends
largely on the quality of tour needed and the time
available.

4. CONCLUSIONS

The main result shown in this paper is the potential of
combining neural clustering with traditional local search
techniques. A significant speedup was shown by using
clustering in the original Lin-Kernighan algorithm. This

speedup was offset by a 2%-5% loss in tour quality that is
the result of the inherent limitations of clustering when
applied to the TSP. Clustering approaches will typically
be unable to locate a global minimum because they assume
a certain structure on the underlying data that may be sub-
optimal. In most real-world situations, however, finding
the absolute global minimum is not a requirement. Most
applications prefer speed to tour quality within limitations.
While our current implementation does not beat the latest
chained-LK techniques with heavy optimization, it does
scale at least as well, and gives additional flexibility when
trading tour quality for speed. In addition, since the
number of global operations is limited in our algorithm, it
should scale smoothly with parallel hardware and show
significant improvement over current solutions.
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