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Abstract—Fuzzy fault trees provide a powerful and compu- An uncertain parametef’ € £ may be assigned a fuzzy
tationally efficient technique for developing fuzzy probabilites membership functiorF(y): £ — [0, 1], which is the mem-

based on independent inputs. The probability of any event that e ghin function of a fuzzy sdt. Then the possibility thaf”
can be described in terms of a sequence of independent unions,. . . .
is in a setS is designated by ].(S) and

intersections, and complements may be calculated by a fuzzy fault

tree. Unfortunately, fuzzy fault trees do not provide a complete _ -
theory: many events of substantial practical interest cannot be H () = Slclg F(y)-
described only by independent operations. Thus, the standard F Y

fuzzy extension (based on fuzzy fault trees) is not complete Thjs s the sense in which we describe uncertainty in the
since not all events are assigned a fuzzy probability. Other grobability of an eventA.

complete extensions have been proposed, but these extension . — . - . .
are not consistent with the calculations from fuzzy fault trees.  In this paper,P is a fuzzy set describing uncertainty in

In this paper, we propose a new extension of crisp probability the crisp probability?(A) and P 4(y): [0, 1] — [0, 1]. Fuzzy
theory. Our model is based onn independent inputs, each with fault trees provide a method for developing fuzzy probabilities
a fuzzy probability. The elements of our sample space describe nha5ed on independent fuzzy inpus, [1]. The probability

exactly which of then input events did and did not occur. Our . h
extension is complete since a fuzzy probability is assigned to of any event that can be described in terms of a sequence

every subset of the sample space. Our extension is also consisterf independent unions, intersections, and complements may
with all calculations that can be arranged as a fault tree. Our be calculated by a fuzzy fault tree. Unfortunately, we show

approach allows the reliability analyst to develop complete and below that some events of substantial practical interest cannot
consistent fuzzy reliability models from existing crisp reliability phe described only by independent operations: Standard fuzzy

models. This allows a comprehensive analysis of the system. .
Computational algorithms are provided both to extend existing fault trees do not provide a complete theory. Thus, the standard

models and develop new models. The technique is demonstratedfuZzy extension (based on fuzzy fault trees) is not complete
on a reliability model of a three-stage industrial process. since not all events are assigned a fuzzy probability. Zadeh
proposed another extension which is complete [11], but his
extension is shown (in our context) to be inconsistent with the
calculations from fuzzy fault trees. For recent developments of
fuzzy probability, see [2]-[5]. Walley and de Cooman, in par-
|. INTRODUCTION ticular, discuss completeness and consistency in a more general
ANY system reliability models require (as input) thesetting. See also Cai's work on system failure engineering [6]
probabilities of a number of independent events. Ofteand other discussions of fuzzy fault trees [7]-[10].
these probabilities can be estimated from data or theory, buitHere we develop a new extension of crisp probability theory
sometimes choosing probabilities for input is difficult. Thidased om independent inputs, each with a fuzzy probability.
work is part of an ongoing study in high-consequence suretyie elements of our sample space describe exactly which of
analysis. Many of the factors of interest come from tradthe » input events did and did not occur. This extension will
tionally nonmathematical areas of research such as estimatdggshown to be both complete and consistent.
the probability of a terrorist attack, compliance with safety
practices, or a flawed design of a safety system. Other factolls | NDEPENDENT CALCULATIONS AND Fuzzy FAULT TREES

are too expensive or dangerous to measure experimentallyrhroughout this paper, we use the bar notatiBp to

Instead, expert opinion is used to provide these probabilitiqﬁdjcate a fuzzy set representing probabilityfthe notation

but these estimates are rarely precise. Fuzzy sets and pogsir, ) o indicate the corresponding upper semicontinuous
bility theory provide a tool for describing and analyzing thesﬁ’]embership function anF; — {y: Pa(y) > a) to indicate

uncertain quantities. the corresponding: cuts. A convex fuzzy seP, has special
structure: eachy cut is a closed and convex subset %f
Manuscript received December 1, 1997; revised June 29, 1998. This weifle see for a convex fuzzy probability that eachcut can
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more general. Following the lead of most fuzzy models, all 0
fuzzy sets here are required to have nonenapty 1 cut. This
property follows here from normality. Cord
Consider independent events;, A,, As, ---, A, with
estimated fuzzy probabilitieB s, , P.s,, - -+, P.4,, which wil (and) (and)

be used in a reliability model. Following the lead of Tanaka
et al. [1] and many others, our concept of independence is
crisp. We assume the underlying probabilities far, A,

As, -+ -, A, are independent in the conventional (crisp) sense. As

Our goal is to build a fuzzy probability theory to describe theig. 1. A fuzzy fault tree that maintains independence.
probabilities of various unions, intersections, and complements

of these sets. To this end, we follow the standard approach o . .
of Tanakaet al. [1] and first build fuzzy intersections of Unfortunately, the distributive laws fail. Straightforward
independent events application of the above formulas show

If events A; are independent, then for crisp probabilities we
have

A, A, not A,

FA{ U(AjﬂAk) # F(AgUAj)ﬂ(Ai UAk)

P uan) # Plana)uianay)- (8)
P(A; U A;) = P(A;) + P(A;) — P(A;)P(A, _ .
( 5) = P(Ai) + P(4)) = P(A)P(4) This formula fails becausgA; U A;) and (4; U A;) are not

independent so (4) cannot be applied.
P(A; N Aj) = P(A;)P(4A;). As we see in (8), care must be used in organizing cal-
, ) . , culations to maintain independence. This is usually done by
Using the usual extension principle, we define the fuzzy,qeiiping calculations as a tree structure. This viewpoint was
independent union and intersection as naturally assumed in several papers on fuzzy fault trees [1],

and

Paa,(y) = sup min[P 4, (p;), Pa,(p;)] (1) [12]—[16]. To _iIIus_trate thi_s concept, consi_der the example
Y=pi+p; —Ppip; tree diagram in Fig. 1. This diagram contains three varieties

and of nodes: unions, intersections, and complements. At the
Pana(y)= sup min[Ps (p;), Pa,(p;)] (2) nodes, fuzzy input probabilities are combined according to the

’ y=p:p; ’ formulas in (1)—(3). As long as the tree only feeds upward and

each node has only one output, independence is maintained.

Complements of fuzzy probabilities are similarly defined byBecause of DeMorgan’s laws in (5), we can develop fault trees

FA; ()= sup Pa,(p;)=Pa(1-7y). (3) using only unions and intersections (but no complements) or
y=1-p: only intersections and complements (but no unions). Thus,
We then have the following familiar properties: several somewhat different approaches to fault trees are in fact
- o equivalent when the standard extensions in (1)—(3) are used.
Pa,ua; =Pajoa, Unfortunately, many problems do not easily fit into a

straightforward tree structure, with each node having only one
output. In our investigations, certain factors (such as terrorism
risk) influence many different events so that construction of

PAiﬂAj :PAjﬂAg

F(Ag UAj)UAk = PA{U(AjUAk)

Pananna, =Pan@;na) independent trees is problematic. As we will see in the next
F(AiuAj)v =FA;0A; section, other problems also occur.
Py mane =P aciae. 4
(Aina;) ATUA; @ lll. COMPLETENESS
This third formula is DeMorgan's law and extends in the The representation of some sets can be rearranged to allow
obvious way to use of (1)—(3). For example, in (8), sincé; U A; is not

= = necessarily) independent df; U A;, we could simply define
Payua,0-04,) =Pasnagnnag ( Y) P b Py

F(AlﬂAzﬂmﬂAk)" IFAquA;u---uA;- (5) Pravapnauan = Pauana- (9)
If the fuzzy probabilities are convex, we have the relationship{ow 4; and 4, are independent so we can correctly calculate
between endpoints of the-cut intervals Pa;na, using (2). Sinced; is independent ofd; N Ay,
we can apply (1) to calculaté’ s, y4,n4,)- Unfortunately,
@ feY . . . J cep .
[PAiUAjla PAZ-UAJ-Q] unraveling such relationships can be very difficult in complex

=[Pi+Pi1— PiPi1, Pia+ Pi,— Pi.Pi, models. Of greater concern is the fact that not all possible
(6) fuzzy probabilities can be calculated by rearranging into a
calculation that maintains independence.
and For example, a listing of all possible independent cal-
o " o ha o ha culations easily shows tha?(Agmj)U(AmAc_) may not be
[Piinasns Phinael = [PA0PA 1 PE2PA ) () rearranged to allow calculation by indepéndence formulas.
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N Unit 3 .
capacity = 0.4
Unit 1
capacity = 0.5 \I
Unit 4 Un'lt 6_
‘J capacity = 0.4 capacity = 1
Unit 2
capacity = 0.5
capacity = 0.4
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Fig. 2. A three-stage industrial process to be modeled with fuzzy probabilities.

Consider two independent system components numbereg@robability that exactly one of units 1 and 2 is functional.
and j. If event A; indicates thati is operational and4; Unfortunately, as discussed in the proceeding paragraph, this
indicates thatj is operational, thed_J(AgﬂAj)U(AmA;) is the fuzzy probability cannot be modeled using (1)—(3). Several
fuzzy probability that exactly one of the two componentsther “gaps” occur in the fuzzy reliability model of the system.
is operational. The inability of (1)-(3) to calculate such Clearly, many important fuzzy probabilities cannot be
probabilities is a serious limitation in reliability applicationsreached by the standard independence formulas in (1)—(3). To
This problem with dependence was first recognized by Coopé&rderstand what sets are missing, we should more carefully
[15]. It was also discussed briefly by the authors in [17]. specify the probability space of interest in our reliability
This limitation is illustrated by the example we use in thiproblem.
paper. Consider the three-stage manufacturing process showhraditional probability theory is built with the concept of a
in Fig. 2. This diagram shows the flow of an industrial processobability triple: [, F, P(-)] with sample spacé describing
through three stages. Stage one may be performed by talbpossible outcomes of the experiment, a collectiorof
redundant units, each with a throughput capacity of 0.5 iteragbsets ofS meeting the requirements of a field and
per second. If both units 1 and 2 are operational, stage ameprobability measure’(-) that assigns a number to each
has a throughput capacity of one item per second. If only ongember of F. We build our fuzzy triplet from independent

of the two units is operational, the stage one throughput is G8ts A;, Az, Az, ---, A,.

items per second. If neither unit 1 nor unit 2 are operational, Definition: The sample spac§,, based om independent
the throughput capacity of stage one is zero. This viewpoiavents{ A1, A, ---, A,} is the set of 2 distinct elements
may be used to build the throughput capacity of the entire

process, with the capacity of stage one limiting the possible Sn = {51, 82, s}

flow through stage two, and so on. Ldt be the event that ¢ the form

unit ¢ is operational. Assume the process has repairable (or .

_replaceal_:)le) independent units and_ that the process_has _been 5 — ﬂ B;, with B; = A; or B; = A¢.
in operation long enough to approximately reach stationarity.
Thenp; = P(A4;) is the stationary readiness coefficient of unit _ _ o
i [18]. Letting T" be the process throughput capacity, we can For the remainder of this paper, the notatiénwill be used
calculate the steady-state distribution’Bfas to indicate the independent events from whighis defined.

For example, forn = 3

=1

P(T =1
(:P(jﬁ [ A (1 As A AL O As O Ag) Sz ={A1NAxN A3, A{NAsN A3, A;NASN A3
P(Tzog) 2R e Ay N Ay N AS, AS NAS N Ag, AS OV Ay 0 AS
— P(A; N Ay 1 (A3 N Ag 1 AS) U (A3 N AS N As) ArnA; 04z, A0 Ay 0 As)
U (A5 N Ag N A)) N Ag) (10) These are the basic elements in our reliability problem. Each
describes exactly which of the evems did and did not occur.
and so on. Possible values @f are {0, 0.4, 0.5, 0.8, 1.p Note thatS,, has a finite number of elements, so our sample

Calculation of the distribution of” follows easily when the space is discrete. A fuzzy probability theory, in keeping with
stationary readiness coefficients are crisp; our goal is to stualgth our needs and the structure of crisp probability theory for
this process with fuzzy readiness coefficients. To calculadéscrete sample spaces, should assign a probability for every
the fuzzy probability Pr— 5, we must calculate the fuzzy subset ofS,,.
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Definition: The o field F,, over which fuzzy probabilites = Now consider the statement of proposition 2.{f;} and
are defined is the collection of all subsets%f, including the {s;} are disjoint, then independence is clearAlfand B are
empty set¢ and S, itself. independent, then

We then have a natural definition for completeness and the _
following result follows from the discussion above. P(ANB) =P(A)P(B)

Definition: A fuzzy probability theory is called complete if =fa(Prs Pray - s pr,m)

it assignslq fuzzy propability to every set in the cql_lect]fm X fB(Psys Psar " s Pan,y )-
Proposition 1: The independent fuzzy probability theory

Pj is incomplete. If {r;} and{s;} are not disjoint, at least one of thg occurs
To develop a complete theory, we need to characterize thdis@arly (when thep; for i 7 j are held fixed) in botly 4 (p,,

sets that can be reached through (1)—(3). Prys =% Pr,,) @A fB(Ds,, Psys -+ Ps,. ). Thus, thisp; occurs

Proposition 2: Supposed and B are subsets af,,. Using quadratically inP(A N B). This contradicts the result in (14)
the notationP(4;) = p;, A and B are independent if and SO, in fact, the{r;} and {s;} must be disjoint subsequences

only if we can write P(A) = fa(pr,, Pryr -+ pr,,) and Of {1,2,---, n}. 0
P(B) = fB(ps,» Psy» -+ ps, ) for disjoint subsequences With this characterization of independence we can describe
{r;} and {s;} of {1,2, ---, nf those sets for which a fuzzy probability can be calculated

Proof: In crisp probability theory, completeness igising (1)—(3). Consider a sét C S, that can be constructed
achieved for discrete probability spaces by use of additivitfirough independent operations. Note that thefehust be
if sets C' and D are disjoint, P(C U D) = P(C) + P(D). constructed through the binary operations.oéandn as well
When this is applied to the discrete sample spage = as through use of complements. Because of the DeMorgan’s
{s1, s2, ---, son} we calculate the crisp probability of arelationships in (4), the expression fd can be written
subsetA of S by in terms of U, N, and setsA;, A{, A., A5, ---, A,, AS
without further need for complements. We can view such a

_ _ B by working backward through a binary tree of union and
rA)="r ] = P({s:}). 11) . .
(4) <thJA s }> Z (ts:)) (11) intersection operations

5;,€A
Thus, every subset of the discrefg is broken into a finite Al for some: or
union of disjoint singleton set§s; } and probabilities for all B=1{ A for somes or (15)
subsets ofS,, are inherited from the list of probabilities for BZ o B
each element of5,,. L=1212
We will find it helpful to chose a specific ordering of theih B, independent of3,» and
elementss;, in S,,. Consider, fork in {1, 2, 3, ---, 27}, the
n-digit binary numbers, = (Br1, P2, -+ - Prn) representing L —Uorn
k-1 1= :
E—1= Z B2t (12) Similarly, for By; and B,

= A;, for some: or
With this binary number, we can pick an explicit ordering of By, = { A¢ for somei or
the st Bo1021 B2

Sk = ﬂ B with B,; independent ofB,,

=1

with O = U orn
_ [ AS, wheng; =0
By = { A, whenpy = 1. (13) and
Now, letting P(4;) = p;, we have As, for somez or
Bia = ¢ A¢, for some: or
Ba3022B2y

P({sid) = [] o (1 = pi)=)
i=1

with Bsz independent ofB., and
and for any setd C S,

spCA spCA t=1

Ooo = U OF M. (16)

Assuming this decomposition has no trivial components (such
(14) as union with the empty set or intersection withS,,) from

Note that this is a multivariate polynomial in the and Proposition 2 we see that the fork in the binary tree splits

especially note that the highest power of each ofgthis one. a subsequence ofl, 2, ---, n} into two pieces each with
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length of at least one. Thus, there are only a finite number of [ijAgl, PﬁmAy]
branches before the tree terminates withAgnor A$ at each — [P (] — P~ pe (1 — pe 20
branch. [ All( A22)a A12( Azl)] (20)

Definition: We say that evenB C S,, can be organized as
an independent calculation if it can be written in the binaysing (19) and (20) and following (17)
tree pattern of (15) and (16).

Definition: For an eventB C S, which can be orga-

— Bl o ol o o
nized as an independent calculation, we defffig as the Py, =[PP, +P3.(1-P§,)
fuzzy probability theory resulting from repeated application P3PS0+ P3o(1—P§,1)]
of (1)-(3). =[Pi — Pi(Pi,. — P4,1)
42+ Py o(P4,0 — P31 )]
IV. ZADEH'S LINGUISTIC PROBABILITIES AND CONSISTENCY £[PS 1, P§ ) (21)
1L 1217

Now we must build the definition of fuzzy probability for
subsets ofS,, from the given fuzzy probabilities®,, Pa,, . N N .
-+, P4, . Following Zadeh [11], we can define an extensio_ﬁ’leaﬂy’ since (P, — P4,,) = 0 the urllcertalnty
of (11). Consider a proper subsét of a sample spacein F,, somehow grows when another independent

Sn = {s1, 82, -+, son} With B = {5y, 35, ---, 5.} where €vent A, is considered in the model. We have an
§; are the elements if,, that are inB. Using a superscripf ~ inconsistency in the Zadeh model derived from independent
to indicate Zadeh's extension we define probabilities.

We can now formally define a consistent model.
Definition: An independent fuzzy probability theory is
called consistent if it is a direct extension of (1)—(3).

SZ/\
Pyly) = y:mlfrggmﬂk By this, we mean that all calculations that may be orga-
@1 +agt o <1 nized as independent calculations may be calculated with
min[Pys 1 (21), Pes,y(2), -+, Prsy (o)) (D)—(3).
(17) From our example above, we immediately have the follow-
ing.

Proposition 3: Zadeh'’s linguistic probabilities?%, when

The inequality in thesup is a result of the interactivity of yejyed from independent fuzzy probabiliti#s, ., are incon-
crisp probabilities, since sistent !

on
> P(sih) =1
i=1 V. A COMPLETE AND CONSISTENT FORMULATION
OF INDEPENDENT FUZZY PROBABILITIES
Each Py, 1(-) is calculated fromP 4, P.4,, - -+, P4, using

. - As an alternative to Zadeh's approach, we consider a
independence and (1)-(3). Similarly, fSrwe have

different extension of (11). Consider a reliability model built
in terms of the independent fuzzy probabilitié3,,, i =

1,2, ..., n, for sample spaces,,. Using (for crisp proba-
F;(y) _ sup bilities) the definitionp; = P(A4;), we see forB C S,
y=r1+zs o on that

xr1+xo+---+xon =1

min[ﬁ{sl}(a:l), F{SZ}(.T2)7 ey, F{SQH}(.TQH)].

(18) P(B) = P< U {si}>

5;€EB
This formulation does provide a fuzzy probability for every — Z P({s;})
subset ofS,,. Unfortunately, (17) and (18) are not consistent B
with the calculations in (1)—(3). This is easily illustrated with = f5(pL, P2, - > Pn) (22)

a simple example using = 2. ThenSs = {A; N As, ASNA,,

AN AS, A(I: n Ag} Note that4; = {Al n AQ} U {Al n Ag}

Consider convex fuzzy probabilitig3s, andP 4, represented for a function fp(-). Thus, the crisp probability of every
by a cuts[Pg ;, P§ 5], and[P§ ;, PS ,]. Then, from (3) and B C S, can be written uniquely as a functiofiz(-) in

@) terms of py, po, ---, p,. FoOr the empty setp we have
fo(p1, p2, -+, pn) = 0 and for the sample space we have
N N fs.(p1, p2, -+, pn) = 1. We use these functions to build
[P nas1s Panasel our extension of (1)—(3). We can now define our extension

= [Pi1 P41, PR 2P0l (19) for B C ..
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Definition: For B C S,, the extension of independentHere, {s;} and {r;} are disjoint

fuzzy probabilities is
Pily) = sup
y=fB(P1, P2, Pn)
lnin[FAl (p1)7 FAZ (p2)7 Ty FAn (pn)] (23)
with P(B) = fg(p1, p2, -+, pn) When P(A;) = p;. If, for a

fixed y, the set{(p;, pa, --

Y Pn) Yy = fB(p1, P2, o )}

is empty, we takePg(y) = 0. The functionfg(-) is defined

in (22).

Note that as long as thB 4, are normal fuzzy sets, then the

Py is normal. We also see that

rew={} 15
and

1 y=0
Piw = {0 g>0.

From this definition of fuzzy probability we get the follow-

ing result.
Proposition 4: Supposed and B are independent subsets
of S,. Then
a)
Plp(y) = sup min[P(p), P5(q)] (24)
y=pq
b)
Piop(y)= sup  min[P5(p), PE(9)]  (25)
y=pta—rq
c)
Pi:(y) = sw Pi(p) = P51 -y). (26)
y=l—p

Proof: We will demonstrate only part (a); the other parts

follow in the same way. Consider

Plap(y) = sup

y=fAmR(P1 s P2, "'J)n)

-min[P4, (p1), Pa,(p2), -+, Pa, (pn)]-

Noting Proposition 2 and the normality of the,,

FgmB(f‘J) = sup
Y=Fa(Pri s Pros s Prn ) B(Psy 1 Pags 3 Pan )
Inin[ﬁAl (p1)7 ﬁAz (p2)7 R ﬁAn (pn)]
= sup
Y=SAPry s Pro s Pro ) B(Psy s Pogs s Pon )
min [FAr] (pm)? FATQ (p7‘2)7 T
Pa., (pr., ) Pa, (ps)
Pa,(pe) -+ P (0s,,)].

291

subsequences of

sup
Py 4 )3) \I=SBPs15Psgs 1 Psn )

{1, 2, ---, n}. Then

FEQB (y)

= sup
y=Ffa(pPr,Prg,

min |:FA7’1 (Pr)s FAW (Dry), =+ Pa Ay, (Pr,., )
P, (o) Pa, (psr), -+ Pas, (0]
)
Y=Fa(Pry s Pros o Pry , )T
min |Pa, (pr), Pa,, (0r:), o5 Pa,, (pr.,)

Payg ))

PASQ (p52)7 T

= sup
Y=fa(Pry s Pryy s Prn 4 )4

- min [FAn (P )s FATZ (Prs)s -

PE()].

sup
q=fB(Psy:Psg,

min [FAS] (Ps1)s P Aoy (pS”B )H

) FAMA (prnA )a

Continuing this pattern of calculations

FEOB ()
2 Pra ))

= < sup ) sup
¥y=pq/ \ p=Ffa(Pry,Pro,

win [P, (pr): Par, (0rs)s -+ Pa,, (r,,):
P(o)]
= <sup> min sup
y=pa p=fa(PryPrys o Pry )
min [FATI (prl)a FArz (pTz)’ ) F THA (p7 "4 ):|
PE(q)
= <Sup) min [P (p), Fg(q)]. U
y=pgq

We now have our main result.

Proposition 5: The extensionP%, when derived from in-
dependent fuzzy probabilitie®’, is both consistent and
complete.

Proof: Completeness is immediate siné¥; is defined
for every subset ofS,. To see consistency, we note that
P = P,4,. From the representation d# as a nested set of
independent operations, we establish consistency by repeatedly
applying Proposition 4. O
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The reader should note that completeness and consistency 1 1

in Proposition 5 hold for the model discussed in this paper;

in [2] and [5] we see that consistency cannot be guaranteed §o.5 0.5

in a more general setting. @
0 0
-3 -2 -1 -0.06 -0.04 -0.02 0

log10(p) log10(p)
VI. IMPLEMENTING CONVEX FUzzY PROBABILITIES (@) (b)

For the special (but important) case of convex fuzzy prolﬁig. 3. _ €) Th(_e fuzzy idleness coefficient and (b) the readiness coefficient
abilities, we can represent a membership function in terrdf§ 2 single unit
of the left and right endpoints of itax cuts. The following
theorem provides an important computational tool. . . = SEa
Proposition 6: Suppose ford C S,, that the crisp probabil- we see Fhat the right-hand s@e of (28) 'S.Hﬁ andy ¢ PE.
ity relationship iSP(A) = fa(p1, pa, - - - pn) AAP(A) = pi, Whe_ny_ls greater than the right-hand side of (28). A simple
as in (22). Assume,, are convex. Thef is also convex continuity argument then shows that (27) and (28) hold]
and PEe = [PE>, PEa] with : .Note in (2?) and (28) that any (computgtlonally efficient)
A ALy 7 A2 crisp probability model may be used to implemeft(-).
B _ o \Berrpa \(1—fir) Th_us_, Prop_ositior_1 6_provides a simple technique to generalize
Par = min fa ((PAI:L)’ PR )T, existing crisp reliability models.
pa \Grs(pa \(1—Bks) We can implement the extended fuzzy probability for-
(P1,0)"(P4,2) v mula in a fully general and straightforward way. Consider

(P )P (P 2)(1—,&'”)) (27) subsetsA, B, and C of S,. Associate withA the vector
(al, az, « -+, a2n) Wlth
and
1, s, €A
P = 1 ke fa ((PAll)’akl(PAﬂ)(l B, {0’ si ¢ A.
a \Brz(pa \1—Br2) .
(PL,1)™*(P4,2) % For subsets B and C of S, define similar vectors
(P;;nl)r@m(PgnQ)@*r@w). (28) (b1, ba, -+, by) @nd(cy, ca, -+, cz»). Then, forC = AUB
Proof: Consider (23). From the definition off.4(:) c; = max(a;, b;). (31)
in (22), we see thaty € PL= if and only if there is a
point (p1, p2, ---, pn) in the hyper-rectangleR = [Pg |,

oY a o o o . ForC = An B
Pgol x [P, Pis] x -+ X [P§ 1, P4 o] with y =

fA(pb D2, -, pn) Now let
¢; = min(a;, b;).
l= In}izn fA(pb b2, -, pn)
For C
Note from (14) thatf4(p1, p2, -- -, pn) Is affine inp; when
the p,; are held fixed for; # <. Then the minimum must occur
on a vertex of the hyper-rectangle The binary numberg;

make it convenient to represent the search over the vertices.
Finally, for eachA;, we can associate a vector;;, a;o, - - -,

AC

cizl—ai.

= min fA[(lel)'gkl(PXIQ)(l_'BM)a Giz+), and
(P3,0)7= (Pg,0) 7)o { 1, Bi=1 (32)
A;5 =
(Pg,)7 (PX712)(1_'BM)} . (29) ! 0, Bji=0.
If we evaluatef(p:, ps, -+, pn) at the vertex ofR which This formula makes use of the orderings of #hen (13). Note

leads to the minimund, we get from (22) the right-hand sidein these relationships that no assumptions of independence are
of (27). Thus, the right-hand side of (27) isRE®. If yis less required. Using (31) and (32), complicated set relationships

than the right-hand side of (27), thenz P, Following the represented as either formulas or diagrams can be easily
same argument for implemented. We then have the following formula.

Proposition 7: SupposeA C S, is represented by the
vector in (30) and the elementg of S,, are represented by

"R falpr, p2 - pn) the B3y in (12) and (13). Assumé 4, are convex. ThePE
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1 1 1
©
505 0.5 0.5
©
0 0 0
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@ (b) (©)
1 1
«
505 0.5
«©
0 0
3 -2 A 0 -0.2 0
log10({p) log10(p)
) (e)

Fig. 4. The resulting fuzzy probabilities for the process throughpuff(a} 0, (b) T = 0.4, (c) T = 0.5, (d) T = 0.8, and (e)T" = 1.

is also convex and’§> = [PLr, PLS] with

on

> a
j=1 7

1

n

PE* — min
AL T o

a  \Bri a \(1—Bk:) Bis
X [(Pg2)P (P )@ )]

possible) of independence and Propositions 5 and 6 would be
required.

To demonstrate the technique, we consider the three stage
process discussed above and illustrated in Fig. 2. To demon-
strate the calculations, the evéfit= 0.8 will be discussed.
Note from (10), using independence and additivity, that

P(T'=0.8) = fr=o0s(p1, -, ps)
=p1p2(papa(l — ps) + p3(1 — pa)ps
+ (1 — p3)paps)pe-

This is the expression used in Proposition 6. To simplify the
illustration, all six independent units are assumed to have the
fuzzy readiness coefficient shown in Fig. 3. Fig. 4 shows the
resulting fuzzy probabilities fofl’ = 0, 7' = 0.4, 7 = 0.5,

T = 0.8, andT = 1.0. These fuzzy probabilities describe the
long-term performance of the industrial process.

X |1— Pa_ B Pa_ (1—8ki) (1=65) (33)
Al A2
and
2" n
Fao __ )
P = e 201l
-0 g=1 i=1
raji
x (PR (P )]
w [1- (P e ya-00] "7 gy
Al A2

(1]

Proof: This proposition follows (2]

Proposition 6 and from (22):

immediately from

(3]
(4]
(5]
(6]
(7]

PA :fA(p17 b2, -, pn)

2" n

=3 o [T -,
j=1 4=l

O
Although (31)—(34) are not particularly efficient in terms
of required storage and computations, they are very easy (g

implement and are practical to use forless than approxi-
mately ten. Note that only the fuzzy probability of the final [9]
answer needs be calculated. Intermediate fuzzy calculatiqpng
are not required. Also, these equations allow general convex
P, instead of restricting inputs to triangular, trapezoidalll
or some other form. For much larger problems, a morgy
careful organization of calculations that takes advantage (when
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